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Abstract
This contribution investigates the properties of a category of orbits around Ence-
ladus. The motivation is the interest in the in situ exploration of this moon
following the detection on behalf of Cassini of plumes of water and organic com-
pounds close to its south pole. In a previous investigation, a set of heteroclinic
connections were designed between Halo orbits around the equilibrium points
L1 and L2 of the circular restricted three-body problem with Saturn and Ence-
ladus as primaries. The kinematical and geometrical characteristics of those
trajectories makes them good candidates as science orbits for the extended ob-
servation of the surface of Enceladus: they are highly inclined, they approach
the moon and they are maneuver free. However, the low heights above the sur-
face and the strong perturbing effect of Saturn impose a more careful look at
their dynamics, in particular regarding the influence of the polar flattening of
the primaries. Therefore, those solutions are here reconsidered by employing a
dynamical model that includes the effect of the oblateness of Saturn and Ence-
ladus, individually and in combination. Substitutes of the Halo orbits around
the equilibrium points L1 and L2 and their stable and unstable hyperbolic in-
variant manifolds are obtained in the perturbed models, and maneuver-free
heteroclinic connections are identified in the new framework. A systematic
comparison with the corresponding solutions of the unperturbed problem shows
that qualitative and quantitative features are not significantly altered when the
oblateness of the primaries is taken into account, and that J2 of Saturn plays
a larger role than the oblateness of Enceladus. From a mission perspective,
the results confirm the scientific value of the solutions obtained in the classical
circular restricted three-body problem and suggests that this simpler model can
be used in a preliminary feasibility analysis.
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1. Introduction
The discovery of geyser-like jets of vapors of water and organic compounds in
the southern polar region of Saturn’s moon Enceladus has assigned high priority
to this body among the targets of current exploration plans in the framework
of investigations on life and habitability in other worlds [1, 2, 3, 4, 5, 6]. Fu-
ture projects could include probes flying through the vapor plumes to collect
and analyse their complex organic constituents. In order to reach or adequately
observe the south polar region of Enceladus, science orbits must have high in-
clination, low altitude and preferably low eccentricity. However, the design of
such orbits around a planetary satellite like Enceladus is challenging owing to the
intense gravitational perturbation of Saturn. Past studies have identified long-
term stable orbits around Europa and Enceladus through averaging techniques
in the Jupiter-Europa and Saturn-Enceladus Hill’s problems [7, 8]. Global grid
searches performed in the Jupiter-Europa circular restricted three-body prob-
lem (CR3BP) and in the Saturn-Enceladus unaveraged perturbed Hill’s model
have disclosed stable periodic solutions in a linear sense about Europa and Ence-
ladus [8, 9]. On the other hand, instead of using complex global grid searches
or resorting to doubly-averaged techniques, other investigations have focused on
strategies employing Poincare´ sections in the CR3BP to compute trajectories
around a planetary moon [10, 11, 12, 13, 14, 15, 16]. This means searching
for intersections at an appropriate surface of section between stable and unsta-
ble hyperbolic invariant manifolds (HIMs) associated with periodic Libration
Point Orbits (LPOs). For example, [17, 18, 19] have computed heteroclinic and
homoclinic transfers between LPOs, with the velocity difference at the patch
point between the connecting trajectories representing the cost of the solution.
In particular, [17] has recently designed a heteroclinic transfer connecting L1
and L2 Halo orbits in the Saturn-Enceladus CR3BP. Because of the large out-
of-plane component of these LPOs [20, 21, 22], the solution reaches very low
latitudes below the lunar equator. [19] has confirmed and extended this result
by constructing connections between Northern Halo orbits and Southern Halo
orbits at L1 and L2. Furthermore, the analysis of the performance of these
solutions as science orbits shows that long, uninterrupted, low-altitude views of
the polar regions are possible with negligible amounts of fuel.
Although the CR3BP accounts for the gravitational attraction of all relevant
bodies in the study of the motion of a spacecraft (S/C) performing a mission
at Enceladus, approximating Saturn and Enceladus with point masses may be
inaccurate when the probe reaches and maintains very low altitudes above the
surface of the moon and at the same time stays also quite close to the planet.
As a matter of fact, [23] has studied the effect of the oblateness of one or both
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primaries in the Saturn-Enceladus CR3BP and has observed that it disrupts the
periodic orbits obtained in the unperturbed CR3BP, causing rapid deviations
that may even lead to impacting Enceladus or escaping the system. In recent
years, significant progress has been made in the study of the CR3BP with oblate
primaries. For example, [24, 25] have analysed the variations in shape and
energy in a certain family of periodic orbits in the planar CR3BP when one or
both primaries are oblate bodies. [26, 27, 28] have studied the effects of the
oblateness parameters on the position and linear stability of the libration points
in the planar circular restricted three-body problem. [29] has explored the effect
of the oblateness of Saturn on planar periodic and quasi-periodic orbits around
both primaries in the Saturn-Titan CR3BP. [23] has studied the Jupiter-Europa
and Saturn-Enceladus systems and has derived the equations of motion for the
spatial CR3BP in the presence of the J2, J3, and J4 zonal harmonics of the
planet and has analysed their effect on the positions of the equilibria and the
dynamical behavior of planar periodic orbits about L1 and L2.
The present contribution builds upon all the above theories and findings
and addresses in a systematic way the effects of the second zonal harmonics
(J2) of both Saturn and Enceladus on the positions of the equilibrium points,
on the shape and location of the substitutes of the Halo orbits around L1 and
L2 and on the heteroclinic connections between such orbits, as computed by
[19] in the unperturbed CR3BP. Furthermore, the mean motion of the primaries
(here assumed in circular orbits) is corrected to take into account the oblateness
effects. The work aims, on the one hand, at refining the results of [19] and, on
the other, at discussing their validity as approximate solutions. The analysis is
carried out by introducing the perturbation of the oblateness of the two bodies
separately and in combination, thus obtaining a quantitative insight into their
individual effects.
Since the heteroclinic connections obtained develop in 3D, they can be pro-
posed as science orbits for an in situ mission at Enceladus. The periodic char-
acter of the Halo orbits can be exploited to construct a fuel-efficient exploration
tour of this moon made of chains of itineraries in which the departure and ar-
rival Halo orbits are used to park the S/C between consecutive flights. The
inclusion of the oblateness effects of Saturn and Enceladus adds robustness to
the solutions and makes them suitable to an operational scenario.
From a mission perspective, the study of the observational performance of
these trajectories is crucial. Kinematical and geometrical parameters such as
transfer times, distances from the surface, speeds relative to an Enceladus-
centered inertial frame, times of overflight, surface coverage parameters are
computed, analysed and compared with the equivalent features obtained in the
classical (unperturbed) CR3BP.
The manuscript is structured as follows. Section 2 describes the mathe-
matical model of a CR3BP in which both primaries are homogeneous oblate
bodies. Following and combining the contributions of [23, 28, 27, 26], it de-
rives the equations of motion for the third body and all the relevant functions
and quantities (effective potential, Jacobi constant, quintic for the collinear
equilibria, expressions for the coordinates of the triangular points, differential
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equation for the state transition matrix). Section 3 applies the model to the
Saturn-Enceladus-S/C system in three versions (i.e., with the oblateness of Sat-
urn only, with the oblateness of Enceladus only, with two oblate primaries) and
presents equilibrium positions, substitutes of Halo orbits and their heteroclinic
connections. Section 4 illustrates the performance of the J2-perturbed hetero-
clinic connections in comparison with the solutions of the unperturbed model.
This is followed by a discussion of the results (Sect. 5), whereas the conclusions
are laid in Sect. 6. Hereinafter, references to [19] will be written as S19b.
2. The dynamical model
Let X, Y and Z be the position coordinates of a body of negligible mass
with respect to an inertial reference frame with origin in the center of mass O
of two massive bodies called primaries and whose equators are contained in the
XY -plane of the reference frame. If the primaries are symmetrical about the
north-south axis (Fig. 1), the external gravitational potential can be written as
(see also [30], Chapt. 5)
V =
Gm1
r1
{
1− J
1
2
2
(
R1
r1
)2 [
3
(
Z
r1
)2
− 1
]}
+
Gm2
r2
{
1− J
2
2
2
(
R2
r2
)2 [
3
(
Z
r2
)2
− 1
]}
, (1)
where G is the universal gravitational constant, m1 and m2 are the masses of the
primaries, R1 and R2 are their equatorial radii, r1 and r2 denote the distances
of the third body from m1 and m2, respectively, and J
i
2 (i = 1, 2) is a function
of the difference in the principal moments of inertia relative to the north-south
axis and an equatorial axis (superscripts 1 and 2 refer to the larger and smaller
primary, respectively). For oblate bodies, this coefficient is positive.
Figure 1: Sketch of the system composed by two oblate bodies with north-south axes parallel
to the Z-axis of an inertial reference frame centered in their center of mass.
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Figure 2: Relationship between the barycentric inertial reference frame (O, X, Y , Z) and the
barycentric synodic reference frame (O, x, y, z).
If r12 denotes the position vector of m2 with respect to m1, the acceleration
r¨12 of m2 relative to m1 is given by (see also [30], Chapt. 6)
r¨12 = −G (m1 +m2)
r312
[
1 +
3
2
(
J12R
2
1 + J
2
2R
2
2
r212
)]
r12. (2)
If m1 and m2 move in circular orbits about their center of mass,
r12 =
 d cosntd sinnt
0
 , (3)
where d is the constant distance between the primaries and n is their constant
orbital angular speed. Substituting Eq. (3) into Eq. (2) provides the following
expression for n
n2 = G (m1 +m2)
[
1
d3
+
3
(
J12R
2
1 + J
2
2R
2
2
)
2d5
]
. (4)
Assuming that m1+m2 = 1 and introducing the mass ratio µ = m2/ (m1 +m2)
yield m1 = 1− µ, m2 = µ. Then, setting G = 1 and d = 1 casts Eq. (1) into
V =
1− µ
r1
{
1 +
A1
2r21
[
3
(
Z
r1
)2
− 1
]}
+
µ
r2
{
1 +
A2
2r22
[
3
(
Z
r2
)2
− 1
]}
, (5)
and Eq. (4) into
n2 = 1 +
3 (A1 +A2)
2
, (6)
with A1 = J
1
2R
2
1 and A2 = J
2
2R
2
2.
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2.1. Equations of motion
The components X¨, Y¨ and Z¨ of the acceleration of the third body in the
given inertial frame are
X¨ =
∂V
∂X
, (7)
Y¨ =
∂V
∂Y
, (8)
Z¨ =
∂V
∂Z
. (9)
Let us now consider a reference frame (O, x, y, z) centered at O, rotating
with angular velocity n relative to (O, X, Y , Z) and such that the x-axis
contains the larger primary at (µ, 0, 0) and the smaller primary at (µ− 1, 0, 0)
and the two frames coincide at t = 0 (Fig. 2). The rotating frame is called
barycentric synodic. At any time t,
X = x cosnt− y sinnt, (10)
Y = x sinnt+ y cosnt, (11)
Z = z. (12)
Substituting Eqs. (10)-(12) and (5) into Eqs. (7)-(9) yields
x¨− 2ny˙ = n2x− (1− µ) (x− µ)
r31
C1 − µ (x+ 1− µ)
r32
C2, (13)
y¨ + 2nx˙ = y
[
n2 − (1− µ)
r31
C1 − µ
r32
C2
]
, (14)
z¨ = −z
(
1− µ
r31
C˜1 +
µ
r32
C˜2
)
, (15)
in which
Ci = 1− 3
2
Ai
r2i
[
5
(
z
ri
)2
− 1
]
, i = 1, 2 (16)
C˜i = 1− 3
2
Ai
r2i
[
5
(
z
ri
)2
− 3
]
= Ci + 3
Ai
r2i
, i = 1, 2. (17)
Eqs. (13)-(15) are the equations of motion of the J2-perturbed CR3BP in the
synodic barycentric reference frame. Then, introducing the effective potential
Ω
Ω = (1− µ)
{
1
r1
+
3
2
A1
r31
[
1
3
−
(
z
r1
)2]}
+ µ
{
1
r2
+
3
2
A2
r32
[
1
3
−
(
z
r2
)2]}
+
n2
2
[
(1− µ) r21 + µr22 − z2
]
(18)
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allows to rewrite Eqs. (13)-(15) as
x¨− 2ny˙ = Ωx, (19)
y¨ + 2nx˙ = Ωy, (20)
z¨ = Ωz, (21)
in which the notation Ωx denotes partial differentiation of Ω with respect to x
and similarly for the other two components. The quantity CJ defined as
CJ = 2Ω−
(
x˙2 + y˙2 + z˙2
)
(22)
is a constant of motion. It is the Jacobi constant.
2.2. Equilibrium points
Similarly to the unperturbed CR3BP, this model admits five equilibrium
positions in the xy-plane, three of which (the collinear equilibria) lie on the
x-axis. Their x-coordinates xLi (i = 1, 2, 3) are obtained by imposing Ωx = Ωy
= Ωz = 0 and y = z = 0 in Eqs. (13)-(15) and solving the resulting quintic
polynomial in x
x
[
1 +
3
2
(A1 +A2)
]
− (1− µ) (x− µ)
(
1
|x− µ|3 +
3A1
2 |x− µ|5
)
− µ (x− µ+ 1)
(
1
|x− µ+ 1|3 +
3A2
2 |x− µ+ 1|5
)
= 0 (23)
for the three cases identified by the possible combinations of signs of the expres-
sions in absolute value. Such solutions can be approximated, for example, with
a Newton-Raphson scheme.
The coordinates xL4 , yL4 , xL5 and yL5 of the triangular points L4 and L5
follow from Ωx = Ωy = Ωz = 0, z = 0 and y 6= 0. The results have the following
analytical expressions:
xL4,L5 = µ−
1
2
− 1
2
(A1 −A2) + 5
8
(
A21 −A22
)
, (24)
yL4,L5 = ±
√
3
2
{
1− 1
3
(A1 −A2) + 1
36
[
7
(
A21 +A
2
2
)
+ 68A1A2
]}
, (25)
where + and − apply to L4 and L5, respectively.
2.3. The state transition matrix
In the vicinity of equilibrium points and LPOs of the CR3BP, the nonlinear
equations of motion of the system can be linearized by a Taylor series expansion
which expresses the variation in the state δs as a first-order differential form of
a linear system (see, e.g., [31]):
δs˙ = A(t)δs, (26)
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withA(t) a time-varying matrix. The above can be extended to the J2-perturbed
dynamical model described by Eqs. (13)-(15). In this case, A(t) is given by
A (t) =
[
O I
U J
]
. (27)
O is the 3× 3 null matrix, I is the 3× 3 identity matrix, whereas J and U are
defined as
J =
 0 2n 0−2n 0 0
0 0 0
 , (28)
U =
 Ωxx Ωxy ΩxzΩxy Ωyy Ωyz
Ωxz Ωyz Ωzz
 . (29)
The elements of U have the following expressions:
Ωxx = n
2 − (1− µ)
r31
C1 − µ
r32
C2
+ (x− µ)2
{
3 (1− µ)
r51
C1 − 3 (1− µ)
r71
A1
[
10
(
z
r1
)2
− 1
]}
+ (x+ 1− µ)2
{
3µ
r52
C2 − 3µ
r72
A2
[
10
(
z
r2
)2
− 1
]}
, (30)
Ωxy = y
{
3 (1− µ) (x− µ)
r51
C1 − 3 (1− µ) (x− µ)
r71
A1
[
10
(
z
r1
)2
− 1
]}
+ y
{
3µ (x+ 1− µ)
r52
C2 − 3µ (x+ 1− µ)
r72
A2
[
10
(
z
r2
)2
− 1
]}
, (31)
Ωxz = z
{
3 (1− µ) (x− µ)
r51
C1 − 3 (1− µ) (x− µ)
r71
A1
[
10
(
z
r1
)2
− 6
]}
+ z
{
3µ (x+ 1− µ)
r52
C2 − 3µ (x+ 1− µ)
r72
A2
[
10
(
z
r2
)2
− 6
]}
, (32)
Ωyy = n
2 − (1− µ)
r31
C1 − µ
r32
C2
+ y2
{
3 (1− µ)
r51
C1 − 3 (1− µ)
r71
A1
[
10
(
z
r1
)2
− 1
]}
+ y2
{
3µ
r52
C2 − 3µ
r72
A2
[
10
(
z
r2
)2
− 1
]}
, (33)
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Ωyz = zy
{
3 (1− µ)
r51
C1 − 3 (1− µ)
r71
A1
[
10
(
z
r1
)2
− 6
]}
+ zy
{
3µ
r52
C2 − 3µ
r72
A2
[
10
(
z
r2
)2
− 6
]}
, (34)
Ωzz = − (1− µ)
r31
C˜1 − µ
r32
C˜2
+ z2
{
3 (1− µ)
r51
C˜1 − 3 (1− µ)
r71
A1
[
10
(
z
r1
)2
− 8
]}
+ z2
{
3µ
r52
C˜2 − 3µ
r72
A2
[
10
(
z
r2
)2
− 8
]}
. (35)
The general solution to Eq. (26) is
δs(t) = Φ (t, t0) δs0, (36)
where δs0 is the initial condition for the variation and Φ (t, t0) =
∂s(t)
∂s0
is the
state transition matrix. Φ satisfies the differential equation
Φ˙ (t, t0) = A (t) Φ (t, t0) . (37)
The elements of Φ are required for any differential correction process based on a
Newton-Raphson iteration scheme and for the approximation of the initial state
of the HIMs of LPOs.
3. Application to the Saturn-Enceladus system
The application of the above model to the system composed by Saturn,
Enceladus and the S/C is made possible by the fact that the orbit of Enceladus
is approximately contained in the equatorial plane of Saturn and its axial tilt
is negligible. The parameters of the system including the oblateness of the
two primaries are reported in Table 1. Hereinafter, all quantities referred to
Saturn are labeled with S instead of 1, whereas for Enceladus E replaces 2.
We distinguish among three J2-perturbed CR3BPs: the model perturbed by
JS2 only (CR3BP + J
S
2 ), that perturbed by J
E
2 only (CR3BP + J
E
2 ) and the
full model (CR3BP + JS2 + J
E
2 ). This is done in order to gain insight into the
relative importance of the two oblateness effects.
Tables 2 and 3 report the positions of the equilibrium points for the unper-
turbed CR3BP and for the three perturbed models. Tables 4 and 5 present the
displacements of the equilibrium points in each perturbed model with respect
to the unperturbed CR3BP.
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Table 1: Parameters of the J2-perturbed Saturn-Enceladus CR3BP: equatorial radius RS
of Saturn, equatorial radius RE of Enceladus, mass ratio µ, distance d between Saturn and
Enceladus, second zonal harmonic coefficient JS2 of Saturn, second zonal harmonic coefficient
JE2 of Saturn [32, 33].
RS RE µ d J
S
2 J
E
2
(km) (km) (·10−6) (km)
60268.0 252.1 0.1899309048 238042.0 1.6298 · 10−2 2.5 · 10−3
Table 2: Synodic barycentric x-coordinates of the collinear equilibrium points in the Saturn-
Enceladus CR3BP and in each of the three J2-perturbed models.
Model xL1 xL2 xL3
CR3BP -0.9960195 -1.0039907 1.0000001
CR3BP + JE2 -0.9960192 -1.0039910 1.0000001
CR3BP + JS2 -0.9960230 -1.0039872 1.0000001
CR3BP + JE2 + J
S
2 -0.9960226 -1.0039876 1.0000001
Table 3: Synodical barycentric x- and y-coordinates of the triangular points in the Saturn-
Enceladus CR3BP and in each of the three J2-perturbed models.
Model xL4,L5 yL4,L5
CR3BP -0.4999998 ± 0.8660254
CR3BP + JE2 -0.4999998 ± 0.8660254
CR3BP + JS2 -0.5005215 ± 0.8657240
CR3BP + JE2 + J
S
2 -0.5005215 ± 0.8657240
Table 4: Displacements ∆xLi (i = 1,2,3) of the x-coordinates of the collinear equilibrium
points in the J2-perturbed Saturn-Enceladus CR3BPs with respect to the unperturbed model.
Model ∆xL1 ∆xL2 ∆xL3
(km) (km) (km)
CR3BP + JE2 0.1 0.1 ∼0
CR3BP + JS2 0.8 0.8 ∼0
CR3BP + JE2 + J
S
2 0.7 0.7 ∼0
3.1. Halo orbits
The linear approximation of the dynamics of the CR3BP in the neighborhood
of a given equilibrium point leads to families of LPOs [34]. [17] and S19a
presented families of Northern and Southern Halo orbits around L1 and L2
in the Saturn-Enceladus CR3BP [21, 35]. In particular, S19a explored these
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Table 5: Displacements ∆xLi and ∆yLi (i = 4.5) of the x- and y-coordinates of the trian-
gular equilibrium points in the J2-perturbed Saturn-Enceladus CR3BPs with respect to the
unperturbed model.
Model ∆xL4,L5 ∆yL4,L5
(km) (km)
CR3BP + JE2 ∼0 ∼0
CR3BP + JS2 124.2 71.7
CR3BP + JE2 + J
S
2 124.2 71.7
orbits in a wide Jacobi constant range, from 3.000055 to 3.000131 (see Fig. 3
where the ξ, η and ζ axes are parallel to x, y and z and the origin is at the
center of Enceladus). Note that a Southern Halo orbit can be obtained from a
Northern Halo orbit through the transformation z → −z, z˙ → z˙.
Figure 3: Families of Northern (left) and Southern (right) Halo orbits around L1 and L2 in
the Saturn-Enceladus CR3BP (Enceladus-centered synodical reference frame) (from S19b).
The oblateness of Saturn and Enceladus perturb these solutions significantly,
as illustrated in Fig. 4 which shows the projection on the plane of the primaries
of the evolution of initial conditions corresponding to two Northern Halo orbits
around L1 and L2 with CJ = 3.000118 when J
E
2 and J
S
2 are brought into the
dynamics: starting from the point represented with triangle markers in the top
panel, the oblateness of the primaries causes deviations from the unperturbed
periodic orbit which may lead to escapes from the system or collisions with the
moon.
However, substitutes of the unperturbed Halo orbits do exist in the J2 per-
turbed models. They can be obtained from initial conditions of the unperturbed
problem by application of a differential correction in the perturbed equations of
motions. Since Eqs. (13)-(15) are invariant under the transformations y → −y
and t→ −t, the numerical algorithm presented by [21] for the classical CR3BP
can be extended to the perturbed models. Here, the initial guess is a state
on the crossing of an unperturbed Halo orbit with the xz-plane. At the next
crossing of the same plane, the propagated state and state transition matrix are
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Figure 4: Top: planar projection of two Halo orbits with CJ = 3.000118 in the Saturn-
Enceladus CR3BP. Bottom: effects of the perturbations of JE2 and J
S
2 individually and in
combination. Enceladus-centered synodical frame.
employed to correct the initial state in order to meet the symmetry requirement
and eventually obtain a periodic solution in the perturbed model. This method
has been applied to calculate families of Halo orbits around L1 and L2 uniformly
distributed in CJ and accounting for the oblateness of Saturn and Enceladus
separately (CR3BP + JE2 , CR3BP + J
S
2 ) and in combination (CR3BP + J
E
2 +
JS2 ). Figure 5 illustrates planar projections of the two families of Northern Halo
orbits about L1 and L2 in the unperturbed CR3BP and in the three perturbed
models. The Jacobi constant ranges are [3.000055, 3.000132] for CR3BP + JE2
and [3.002668, 3.002744] for CR3BP + JS2 and CR3BP + J
E
2 + J
S
2 . The right
panels of the figure zoom into portions of the left plots to show the deviations
of the perturbed solutions from the unperturbed ones.
3.2. J2-perturbed heteroclinic connections between Halo orbits
Heteroclinic connections between J2-perturbed Halo orbits have been com-
puted in the three models. Stable and unstable hyperbolic invariant manifolds of
two orbits with the same Jacobi constant have been computed and propagated
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Figure 5: Left: planar projections of Halo orbits about L1 and L2 in the Saturn-Enceladus
system in the unperturbed and perturbed models. Right: zoomed views of the left plots.
Enceladus-centered synodical reference frame.
up to a surface of section Σ defined by x = −1 + µ. A minimum allowed alti-
tude of 20 km from the surface of Enceladus is set as a safety mesasure against
collisions. Furthermore, given the symmetries of the problem, only crossings
with x˙ > 0 are considered. For every trajectory, the intersection with Σ is rep-
resented by four state components (i.e., x, y, y˙, z˙), whereas x˙ is determined by
the given CJ . These components can be displayed using a vectorial represen-
tation of position (y, z) and velocity (y˙, z˙). In this work, finding a connection
means identifying the pair of unstable and stable orbits with minimum position
and velocity difference (see Fig. 6). Alternative methods have been adopted in
other contributions. For example, [16] uses a single segment to represent simul-
taneously four states: two states are indicated by the coordinates of the segment
base-point, and two additional coordinates are represented by the length. [36]
represents y, z and y˙ in a three-dimensional visual environment in which z˙ is
displayed using color. [7] chooses spherical coordinates to represent the states
at the closest approach to the primary (periapsis map).
At the adopted energy discretisation (100 Halo orbits in each family), four
heteroclinic connections have been identified in the unperturbed CR3BP (see
Fig. 7) and have been reproduced in the three perturbed models. They are
a Northern L1 Halo to a Northern L2 Halo transfer (type A), a transfer from
a Southern L2 Halo to a Northern L1 Halo (type B), a connection from a
Northern L1 Halo to a Southern L1 Halo (type C) and a trajectory from a
Southern L2 Halo to a Northern L2 Halo (type D). In all cases, the velocity
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and position errors at the patch point on Σ are smaller than 1 m/s and 1
km, respectively, meaning that these trajectories are approximately continuous
both in position and in velocity (the latter implying that they are essentially
manoeuver-free). Figures 8-11 show projections on two coordinate planes of the
perturbed solutions of type A to D according to the three dynamical models and
offer a comparison with the unperturbed orbits in zoomed views of the same
projections. Tables 6 and 7 provide the Jacobi constants and the Halo-to-Halo
transfer times for each connection.
Table 6: Jacobi constants of the heteroclinic connections computed in the unperturbed Saturn-
Enceladus CR3BP and in the three J2-perturbed models.
Model Type A Type B Type C Type D
CR3BP 3.000118 3.000118 3.000072 3.000072
CR3BP + JE2 3.000119 3.000119 3.000073 3.000073
CR3BP + JS2 3.002731 3.002730 3.002684 3.002684
CR3BP + JE2 + J
S
2 3.002731 3.002731 3.002684 3.002684
Table 7: Halo-to-Halo transfer times over the heteroclinic connections computed in the un-
perturbed Saturn-Enceladus CR3BP and in the three J2-perturbed models.
Model Type A Type B Type C Type D
(hour) (hour) (hour) (hour)
CR3BP 49.8 39.4 57.6 57.6
CR3BP + JE2 49.7 39.4 58.0 58.0
CR3BP + JS2 49.6 39.4 58.2 58.2
CR3BP + JE2 + J
S
2 49.5 39.3 58.2 58.2
4. Performance analysis
Figure 12 shows the time history of the altitude h above the surface of Ence-
ladus and the magnitude v of the velocity of the S/C relative to an Enceladus-
centered reference frame with fixed axes for the heteroclinic connections A to D
obtained in the unperturbed CR3BP. With velocities ranging from 0.08 m/s at
their maximum distance from the Enceladus’ surface (∼1000 km) to 150 m/s
at their closest approach with the moon (∼200 km), these connecting transfers
are extremely convenient in the framework of an in situ mission.
With the objective of quantifying the instantaneous coverage of the surface
of the moon, the small difference between the polar and equatorial radii (ap-
proximately 4 km) has been neglected and two angles called Λ1 and Λ2 have
been introduced (see Fig. 13). They represent the limits of the central angle
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of coverage of amplitude 2α and are measured positively northwards from the
equator. The angle α depends on the radius RE of Enceladus and the altitude
h of the S/C through
α = cos−1
(
RE
RE + h
)
. (38)
If φ denotes the latitude of the S/C, then Λ1 and Λ2 are defined as
Λ1 = φ− α, (39)
Λ2 = φ+ α. (40)
For instance, the S/C has access to the equator, the north pole or the south
pole when the interval [Λ1,Λ2] includes 0
◦, 90◦ or −90◦, respectively. The time
history of Λ1 and Λ2 for the transfers of Fig. 7 is shown in Fig. 14, in which
the distance between the curves of Λ1 and Λ2 represents the instantaneous
amplitude of coverage, whereas the two dashed lines indicate the latitudes of
the poles. Note that the results for heteroclinic connections of type C and D are
identical because the time history of h and latitude Φ are the same, hence they
are reported only once. These trajectories allow to observe both polar regions
of Enceladus. In particular, the south pole is visible during approximately 4
hours in a type A transfer, during approximately 6 hours in a trajectory of type
B and during 21 hours in the case of transfers of types C and D.
We define the total time of overflight τ as the total access time of a specific
surface point over a given transfer. A surface point is visible from the S/C
when the elevation angle ε of the latter on the local horizon is positive (ε ≥ 0,
see Fig. 15). Discretising the time of flight on each trajectory in N intervals
of duration δt and assigning to each an elementary time of overflight δτi (i =
1,2,...,N),
δτi =
{
δt if i ≥ 0
0 otherwise,
(41)
allow to approximate the total time of overflight τ at the given location as
τ =
N∑
i=1
δτi. (42)
The computation of τ has been carried out with N = 1000 and in the Enceladus-
centered synodical frame, in this way taking into account the effect of the axial
rotation of the primaries (synchronous with the orbital motion). Figure 16 illus-
trates the total time of overflight of Enceladus for the unperturbed heteroclinic
connections A to D in the form of geographical maps of τ . The maps were
obtained by discretising the surface of Enceladus at intervals of 0.01 radians in
longitude (λ) and latitude (β).
The observational performance of the J2-perturbed heteroclinic connections
of Figs. 8 to 11 has been compared with that of the corresponding unperturbed
solutions. Since the equivalent of Figs. 12-16 do not allow to appreciate the
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change with respect to the unperturbed case, we display the point-by-point dif-
ference between corresponding results (Fig. 17 for the time history of h and v,
Fig. 18 for Λ1 and Λ2, Figs. 19 to 22 for τ). In assuming that the time co-
ordinate is the same between corresponding evolutions of the same parameter,
an approximation is introduced, justified by the similarity in the Halo-to-Halo
transfer times between unperturbed and perturbed solutions (see Table 7). The
error that is introduced, although small, should not be forgotten when inter-
preting the results.
5. Discussion
The inclusion of the perturbation due to J2 of Saturn and Enceladus in the
equations of motion of the spacecraft introduces small differences in the hete-
roclinic connections between Halo orbits computed in the unperturbed CR3BP.
The Halo orbits themselves have dynamical substitutes in all three versions of
the perturbed model. The orbit-to-orbit transfer times are not significantly
altered and this has allowed a point-by-point comparison of the performance
parameters. The analysis of the individual effects of the oblateness of Saturn
and Enceladus shows that the former exerts a stronger perturbation than the
latter: a few degrees versus fractions of a degree in the instantaneous coverage
angles, 10-20 km versus 1-2 km in the altitude, one hour versus a few minutes
in the total access times of the surface of the moon. The higher intensity of the
effect of Saturn varies among the four solutions, being more relevant in the case
of trajectories of type C and D which reach larger distances from Enceladus and
maintain them for longer times. The J2 effect of Enceladus is more noticeable
when the S/C approaches the surface of the moon.
6. Conclusions
The present contribution extends previous investigations of low-energy tra-
jectories around Enceladus to include the effects of the oblateness of the two
primaries, i.e., Saturn and Enceladus. By applying and unifying the theoreti-
cal developments of other authors (most noticeably, [23, 28, 27, 26]), we have
described the features of the Saturn-Enceladus CR3BP with oblate primaries,
including the positions of the equilibria and the dynamical susbstitutes of the
Halo orbits (over a wide energy range) and their stable and unstable hyperbolic
invariant manifolds. Also the heteroclinic connections identified by S19b in
the unperturbed CR3BP by intersecting stable and unstable HIMs of two Halo
orbits of L1 and L2 at a certain surface of section have been refined in the per-
turbed model by introducing the oblateness of the two primaries separately and
in combination, thus gaining a quantitative insight into the individual effects.
The reason for the interest in these trajectories resides in their high inclination,
close approaches to the moon and negligible cost (discontinuities in position and
velocity at the patch point are at the level of 1 km and 1 m/s, respectively) and
in the periodic character of departure and arrival orbits which can be used as
spaceports between consecutive observation flights.
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The study shows that the shape and energy of the solutions change, although
not significantly, when the oblateness of the primaries is taken into account.
The analysis of the observational performance also shows small differences in
the geometrical and kinematical coverage parameters, with J2 of Saturn playing
a larger role than the oblateness of Enceladus, especially for the trajectories that
reach the edges of the Hill sphere of the moon (i.e., the distance of L1 and L2
from the center of the body, approximately 950 km).
In general, the results substantially confirm the features of the solutions
obtained in the unperturbed CR3BP. When the complete model (including the
oblateness of both primaries) is considered, the entire surface of Enceladus is
still visible from the S/C, uninterrupted windows of access to the southern polar
region exist and extend over several hours, the specific duration depending on
altitude. For example, in the heteroclinic trajectory that connects the Northern
Halo of L1 with the Northern Halo of L2 at CJ = 3.002731, the south pole is
accessible during 2 hours from below 400 km altitude, whereas in the solution
connecting a Northern Halo with a Southern Halo at L1 with CJ = 3.002684 the
south pole is visible for over 20 hours distributed along four windows at different
altitudes. The detailed assessment of the time of overflight (defined as the time
spent by the S/C above the local horizon) of a regular grid of points over the
surface has been expressed in the form of geographical color maps. These maps
show that the local cumulative visibility is never shorter than 4 hours (polar
regions) with peaks of 20 or even 40 hours for wide equatorial bands (up to ±
60 degrees latitude).
In conclusion, the connections obtained in the classical (unperturbed) Saturn-
Enceladus CR3BP persist upon transition to a more accurate model and their
performance features as science orbit remain valid and very appealing, thus sug-
gesting that the simpler model can be used in a preliminary feasibility analysis.
The methodology and the application here exposed can be implemented in the
case of other targets of interest exhibiting peculiar features over extended por-
tions of their surface, such as Uranus’ moons Titania and Oberon or Jupiter’s
Europa.
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Figure 6: Top: non-impacting trajectories of the unstable (red) and stable (blue) HIMs respec-
tively from a L2 Southern Halo and a L1 Northern Halo with CJ = 3.000118. Middle: vector
representation of the intersections with Σ. Bottom: 3D view of the heteroclinic connection
(Enceladus-centered synodic reference frame) (from S19b).
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Figure 7: Heteroclinic connections of type A (top left), B (bottom left), C (top right), and
D (bottom right) in the Saturn-Enceladus unperturbed CR3BP (Enceladus-centered synodic
reference frame).
Figure 8: Left: planar projections of the heteroclinic connection type A in the three J2-
perturbed Saturn-Enceladus CR3BPs (Enceladus-centered synodical frame). Right: zoomed
views of the left plots.
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Figure 9: Left: planar projections of the heteroclinic connection type B in the three J2-
perturbed Saturn-Enceladus CR3BPs (Enceladus-centered synodical frame). Right: zoomed
views of the left plots.
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Figure 10: Left: planar projections of the heteroclinic connection type C in the three J2-
perturbed Saturn-Enceladus CR3BPs (Enceladus-centered synodical frame). Right: zoomed
views of the left plots.
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Figure 11: Left: planar projections of the heteroclinic connection type D in the three J2-
perturbed Saturn-Enceladus CR3BPs (Enceladus-centered synodical frame). Right: zoomed
views of the left plots.
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Figure 12: Time history of altitude h and velocity v relative to Enceladus over the heteroclinic
connections of type A (top), B (middle), and C-D (bottom).
26
Figure 13: The instantaneous coverage parameters φ, α, h, Λ1 and Λ2: in (a) the S/C has
access to the equator and to the north pole, in (b) to the north pole, in (c) to the south pole.
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Figure 14: Time history of Λ1, Λ2 and h for the heteroclinic connections of types A (top), B
(middle), and C-D (bottom) in the unperturbed CR3BP (from S19b).
28
Figure 15: Definition of local horizon for a point G on the surface of Enceladus and the
corresponding elevation ε of the S/C.
29
Figure 16: Geographical maps of total time of overflight for the heteroclinic connections of
the unperturbed CR3BP: types A to D from top to bottom.
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Figure 17: Difference in the time histories of altitude and inertial velocity over the four
heteroclinic connections (from Type A at the top to type D at the bottom) between the
unperturbed CR3BP solutions and each of the three J2-perturbed trajectories.
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Figure 18: Difference in the time histories of the coverage parameters Λ1 and Λ2 over the
four heteroclinic connections (from Type A at the top to type D at the bottom) between the
unperturbed CR3BP solution and each of the three J2-perturbed trajectories.
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Figure 19: Difference in total time of overflight between the unperturbed CR3BP solution of
type A and each of the corresponding J2-perturbed trajectories (top: CR3BP + JE2 , middle:
CR3BP + JS2 , bottom: CR3BP + J
E
2 + J
S
2 ).
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Figure 20: Difference in total time of overflight between the unperturbed CR3BP solution of
type B and each of the corresponding J2-perturbed trajectories (top: CR3BP + JE2 , middle:
CR3BP + JS2 , bottom: CR3BP + J
E
2 + J
S
2 ).
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Figure 21: Difference in total time of overflight between the unperturbed CR3BP solution of
type C and each of the corresponding J2-perturbed trajectories (top: CR3BP + JE2 , middle:
CR3BP + JS2 , bottom: CR3BP + J
E
2 + J
S
2 ).
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Figure 22: Difference in total time of overflight between the unperturbed CR3BP solution of
type D and each of the corresponding J2-perturbed trajectories (top: CR3BP + JE2 , middle:
CR3BP + JS2 , bottom: CR3BP + J
E
2 + J
S
2 ).
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